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Abstract—For the simulation of practical frequency-diversity
wireless communication systems, such as frequency-hopping
systems, multicarrier code-division multiple-access systems, and
orthogonal frequency-division multiplexing systems, it is often
desirable to produce multiple Rayleigh fading processes with given
frequency correlation properties. In this paper, a novel stochastic
wide-sense stationary sum-of-sinusoids channel simulator is proposed to emulate frequency-correlated wideband fading channels,
where the frequency correlation properties are controlled by only
adjusting the constant phases. Closed-form expressions are provided for all the parameters of the simulation model. This enables
us to investigate analytically the overall correlation properties (not
only the correlation coefficients) of the simulated processes with
respect to both time separation and frequency separation. It is
shown that the wideband channel simulator will be reduced to a
narrowband Rayleigh fading-channel simulator by removing the
frequency selectivity. Furthermore, the COST 207 typical-urban
and rural-area channels are applied to evaluate the performance
of the resulting wideband and narrowband channel simulators,
respectively. The correlation properties of the simulation models
approach the desired ones of the underlying reference models as
the number of exponential functions tends to infinity, while very
good approximations are achieved with the chosen limited number
of exponential functions.
Index Terms—Frequency correlation, Rayleigh fading channels,
statistics, stochastic sum-of-sinusoids channel simulators, wideband fading channels.

I. I NTRODUCTION

M

ULTIPLE correlated Rayleigh fading signals are
commonly encountered in frequency-diversity wirelesscommunication systems, such as frequency-hopping (FH) systems, multicarrier code-division multiple-access (MC-CDMA)
systems, and orthogonal frequency-division multiplexing
(OFDM) systems. For convenience, researchers investigating
these systems have typically assumed that the frequency separation of two signals at different carrier frequencies is sufficiently
large compared with the coherence bandwidth of the channel.
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ferent frequency-separated channels are uncorrelated [1], and
therefore, the underlying channel simulator can be implemented
by using uncorrelated fading processes. However, in practical
frequency-diversity systems, the frequency separation of different channels is often smaller than the coherence bandwidth
due to spectrum and frequency planning constraints [2]–[8]. In
this case, the frequency correlation will exist among different
channels, resulting in the so-called frequency-correlated channels. Since the assumption of uncorrelated fading does not take
the frequency correlation into account, positively biased performance results are often obtained for the investigated systems.
Therefore, accurate theoretical analyses and simulations of
multiple frequency-correlated Rayleigh fading channels are of
great importance in investigating the influence of the frequency
correlation on the performance of real frequency-diversity
systems.
In the literature, different algorithms have been presented for
the generation of two [4] or any number [5]–[8] of frequencycorrelated Rayleigh fading processes. The authors of [4]–[8]
have all employed the method of generating correlated
processes by using a linear transformation of uncorrelated
processes. To this end, multiple uncorrelated processes must
first be produced, and the Cholesky decomposition technique
has to be used to factorize the given correlation coefficient
matrix [4]–[8]. This significantly increases the complexity and
restrict the application of the algorithms [4]–[8] to real systems,
particularly when the required number of correlated processes
is large. Furthermore, the papers in [4]–[8] have only studied
the correlation coefficients of the generated processes and not
the overall correlation properties with respect to both time
separation and frequency separation.
The sum-of-sinusoids approach [9], [10] is well known to be
an efficient and flexible method for the simulation of mobile
fading channels. Its application to the design of fading-channel
simulators includes the modeling of narrowband channels [1],
[11], wideband channels [11]–[14], spatial-temporal channels
[15], [16], and digital channels (generative models) [17], [18].
For the purpose of simulating space diversity channels and
multiple-input–multiple-output channels, the sum-of-sinusoids
method has also been widely employed to generate multiple
uncorrelated [19]–[23] and correlated [24] Rayleigh fading
processes. However, the channel simulators described in the
study in [19]–[24] cannot be directly applied to the simulation
of frequency-correlated Rayleigh fading channels. Based on
the same mathematical reference model, as described in the
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study in [1], two deterministic sum-of-sinusoids channel simulators [25], [26] have been developed to model FH Rayleigh
fading channels with given frequency correlation properties.
Although not explicitly indicated in the study in [25] and [26],
these two channel simulators can also be used to simulate
other frequency-diversity channels, such as MC-CDMA and
OFDM channels. Unfortunately, there still exist relatively large
deviations between some of the statistical properties of both
channel simulators [25], [26] and those of the underlying
reference model [1]. Moreover, these two channel simulators
are limited to model only narrowband channels, where the
transmitted symbol rate is much smaller than the channel
coherence bandwidth. Modern frequency-diversity wirelesscommunication systems are often designed for high symbol
rates. If the symbol rate is so high as in the order of the
coherence bandwidth, the channel becomes wideband or frequency selective. The aim of this paper is to develop a stochastic
sum-of-sinusoids channel simulator that can simulate multiple
frequency-correlated wideband fading channels with accurate
statistical properties.
For our purpose, a mathematical reference model based on
the tapped-delay-line structure [27], [28] is first presented in
modeling frequency-correlated wideband fading channels. In
order to be consistent with the study in [1], we have assumed a
2-D isotropic scattering propagation environment with omnidirectional antennas at receivers [29] and a truncated negative exponential power delay profile (PDP). It is important to mention
that a different profile, e.g., the Gaussian function [14], can also
be deployed as the PDP. The application of the present modeling procedure to different PDPs is straightforward. The overall correlation properties among different frequency-separated
channels are investigated in detail with respect to both time separation and frequency separation. By removing the frequency
selectivity from the proposed wideband reference model, it is
shown that the derived correlation functions will be reduced
to the results presented in [1, p. 50] for narrowband Rayleigh
fading channels. Hence, the narrowband reference model in
[1, p. 48] is only a special case of the proposed wideband
reference model. Then, we propose a novel stochastic sum-ofsinusoids simulation model, which can emulate accurately all
of the correlation properties of the derived wideband reference
model. Similarly, a narrowband Rayleigh fading channel simulator can be obtained by removing the frequency selectivity
from the wideband simulation model. Rather than first generating uncorrelated processes, as in [4]–[8] and [24], the proposed
channel simulator can directly simulate multiple frequencycorrelated processes by only adjusting the constant phases of
the employed harmonic functions. The stationarity properties
of stochastic sum-of-sinusoids channel simulators have recently
been addressed in several papers, e.g., in [30]–[32]. We will
show that the proposed stochastic channel simulator is widesense stationary (WSS).
The remainder of this paper is organized as follows. In
Section II, a reference model for frequency-correlated wideband fading channels is proposed. It is shown that the wideband
reference model will be reduced to the narrowband reference
model in [1] by removing the frequency selectivity. A novel
stochastic sum-of-sinusoids-based wideband channel simulator
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is described in Section III. In this section, we also show how the
model parameters can be determined. Section IV deals with the
performance evaluation and verification of the proposed simulation model. Finally, the conclusions are drawn in Section V.
II. M ATHEMATICAL R EFERENCE M ODEL
A. Reference Model for Frequency-Correlated Wideband
Fading Channels
Bello’s WSS uncorrelated-scattering (WSSUS) model [33]
has widely been accepted in modeling wideband multipath
fading channels. Regarding the design of hardware or software
simulation models for wideband channels, a discretization of
the propagation delays has to be performed. A suitable and often used model is the so-called discrete tapped-delay-line model
[27], [28]. It is important to mention that a discrete tappeddelay-line model is a WSSUS model if the time-variant tap
coefficients are uncorrelated Gaussian random processes. The
complex baseband impulse responses at two different carrier
frequencies fc and fc† can be expressed as
h(τ  , t) :=

L−1


µ (t)δ(τ  − τ ), at fc

(1a)

µ† (t)δ(τ  − τ ), at fc†

(1b)

=0
†



h (τ , t) :=

L−1

=0

where L is the number of taps, and µ (t)(µ† (t)) and τ indicate
the complex time-variant tap coefficient and the discrete propagation delay of the th ( = 0, 1, . . . , L − 1) tap, respectively.
According to the authors of [14] and [34], a proper PDP p(τ  )
for a wideband channel is given by the following truncated
negative exponential profile:
p(τ  ) =

 
τ
b
exp −
,
α
α


0 ≤ τ  ≤ τmax

(2)


denotes
where α represents the rms delay spread, and τmax
the maximum propagation delay. The normalization factor

b = 1/(1 − e−τmax /α ) has been introduced here to fulfill the
 τmax

condition 0
p(τ  )dτ  = 1. This means that the average
power of the wideband fading channel is normalized to unity,
and hence, the PDP in (2) can be considered as the probability
density function (pdf) of the propagation delays. An example

= 7 µs. In this case, the
of (2) is given by α = 1 µs and τmax
PDP of the wideband typical-urban (TU) channel for global
system for mobile communications (GSM) is obtained [34].
The frequency correlation function (FCF) R(χ) is related to the
PDP through the Fourier transform [33], i.e.,

τmax

p(τ  ) exp(−j2πτ  χ)dτ 

R(χ) =
0

=


 

b 1 − exp − τmax
(1
+
j2παχ)
α
1 + j2παχ

.

(3)
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For a discrete tapped-delay-line model, each tap is considered as the combination of a number of multipath components.

] is partitioned into
The propagation delay interval I = [0, τmax
L mutually disjoint subintervals I , i.e., I = ∪L−1
=0 I and I ∩
Iλ = {∅} for every  and λ = (, λ = 0, 1, . . . , L − 1) [13],
[14]. Each subinterval I corresponds to the range within which
a number of multipath components are combined to the th tap.
For simplicity, the subintervals I can be defined as follows:

I =


τ − ∆τ /2, τ + ∆τ+1
/2 ,  = 0, 1, . . . , L − 2

τ − ∆τ /2, τ + ∆τ+1
/2 ,

=L−1
(4)


where ∆τ0 = τ0 = 0, ∆τ = τ − τ−1
( = 1, 2, . . . , L − 1),



and ∆τL = 2(τmax − τL−1 ). The above expression can be
rewritten as



=0

 0, ∆τ+1 /2 ,




I =
τ − ∆τ /2, τ + ∆τ+1 /2 ,  = 1, 2, . . . , L − 2 .

 

],
=L−1
[τ − ∆τ /2, τmax
(5)
Note that the time-variant tap coefficient µ (t) corresponding
to the discrete propagation delay τ actually stands for the
contribution of the channel impulse
response h(τ  , t) in the


interval τ ∈ I , i.e., µ (t) = τ  ∈I h(τ  , t)dτ  . By analogy,

µ† (t) = τ  ∈I h† (τ  , t)dτ  holds. It is important to stress here
that the delay spacing between the taps should be chosen to

. This is to ensure the
avoid a regular spacing, i.e., ∆τ = ∆τ+1
FCF of the radio channel has a sufficiently large period (at least
larger than twice the system bandwidth), which is particularly
important for FH systems.
Under the WSSUS condition, the time-variant tap coefficients µ (t) and µ† (t) are zero-mean complex Gaussian random
processes. It follows that the amplitude processes |µ (t)| and
|µ† (t)| are Rayleigh distributed. The Central-Limit Theorem
[36] justifies that a Gaussian random process can be modeled by a superposition of an infinite number of properly
weighted sinusoids. Therefore, we propose to model µ (t) and
µ† (t) as
µ (t) = µ1, (t) + jµ2, (t)
N 
M

Cn,m,
= lim
N →∞
M →∞

n=1 m=1






× exp j 2πfmax t cos βn, − Φn,m, − θ̂n,m,
(6a)
µ† (t) = µ†1, (t) + jµ†2, (t)
= lim

N 
M


N →∞
M →∞

n=1 m=1



with Φn,m, = 2πfc ϕn,m, and Φ†n,m, = 2πfc† ϕn,m, . Here,
fmax is the maximum Doppler frequency, and Cn,m, , βn, ,
and ϕn,m, are independent random gains, random angles of
arrival, and random propagation delays of the th tap, respectively. The phases θ̂n,m, are independent random variables
uniformly distributed over [0, 2π). Equations (6a) and (6b)
can be interpreted as follows. For the diffuse components
µ (t)(µ† (t)) of the th tap, the nth wave at the angle of
arrival βn, is also composed of M waves with amplitudes
Cn,m, and propagation delays ϕn,m, ∈ I . All of these M
waves experience the same Doppler shift fmax cos βn, . Adopting Clarke’s 2-D isotropic scattering model [29], the angles
of arrival βn, are uniformly distributed over [0, 2π), i.e.,
p(β) = 1/(2π), 0 ≤ β < 2π. The average fractional power of
the th tap as a function of propagation delays ϕn,m, still
follows the truncated negative exponential profile introduced
in (2), i.e.,
 ϕ
b
,
ϕ ∈ I .
p(ϕ) = exp −
(7)
α
α

 τ

Clearly, 0 max p(τ  )dτ  = L−1
=0 ϕ∈I p(ϕ)dϕ = 1 holds. The
random gains Cn,m, can be related to the power associated
2
=
with each individual wave of the th tap as follows: Cn,m,
p(βn, , ϕn,m, )dβdϕ [1]. Note that p(β, ϕ)dβdϕ describes the
fraction of the incoming power within the infinitesimal intervals
dβ and dϕ.
From (6), it follows that the correlation properties of µ (t)
and µ†λ (t)(, λ = 0, 1, . . . , L − 1) are completely determined
by the underlying real Gaussian noise processes µi, (t) and
µ†j,λ (t)(i, j = 1, 2). Therefore, we can restrict our investigations to the following autocorrelation functions (ACFs) and
cross-correlation functions (CCFs):
rµi, µj,λ (τ ) := E {µi, (t)µj,λ (t + τ )}

rµi, µ† (τ, χ) := E µi, (t)µ†j,λ (t + τ )
j,λ




†
× exp j 2πfmax t cos βn, −Φn,m, − θ̂n,m,
(6b)

(8b)

where E{·} denotes the statistical average with respect to βn, ,
ϕn,m, , and θ̂n,m, . It should be observed that (8b) is a function
of both time separation τ = t2 − t1 and frequency separation
χ = fc† − fc . Using (6), we can obtain the following correlation
functions of the wideband reference model:
rµi, µi, (τ ) = rµ†

i,

µ†i, (τ )

1
= b(A − B )J0 (2πfmax τ )
2
rµ1, µ2, (τ ) = rµ†

1,

(9a)

µ†2, (τ )

= rµ2, µ1, (τ )
= rµ†

2,

Cn,m,

(8a)

µ†1, (τ )

=0

(9b)

rµi, µj,λ (τ ) = rµ†

i,

=0

µ†j,λ (τ )

(9c)
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rµi, µ† (τ, χ) =
i,

 ϕ
bJ0 (2πfmax τ )
exp −
2
2 [1 + (2παχ) ]
α

µ† (t) similarly to (6a) and (6b) by removing the subscript
(·) , i.e.,

× [2παχ sin(2πχϕ)

ϕ=τ +∆τ+1
/2


ϕ=τ −∆τ /2

− cos(2πχϕ)] |

(9d)

µ(t) = µ1 (t) + jµ2 (t)
N 
M

Cn,m
= lim
N →∞
M →∞

n=1m=1

× exp j 2πfmax t cos βn −Φn,m − θ̂n,m

rµ1, µ† (τ, χ) = − rµ2, µ† (τ, χ)
2,

1053

1,

 ϕ
bJ0 (2πfmax τ )
exp
−
=
2 [1 + (2παχ)2 ]
α

µ† (t)

= µ†1 (t)
= lim

× [sin(2πχϕ) + 2παχ

N →∞
M →∞

ϕ=τ  +∆τ 

× cos(2πχϕ)] |ϕ=τ −∆τ +1
 /2




rµi, µ† (τ, χ) = 0

/2

(9e)
(9f)

j,λ

for i, j = 1, 2 and , λ = 0, 1, . . . , L − 1 with  = λ,
where J0 (·) denotes the zeroth-order Bessel function
of the first kind, A = exp[−(τ − ∆τ /2)/α], and

2
B = exp[−(τ + ∆τ+1
/2)/α]. In (9d) and (9e), f (x)|x=x
x=x1
is an abbreviation for f (x2 ) − f (x1 ). Since the derivations of
(9a)–(9f) are similar, only the derivation of (9e) is given in
Appendix A, while others are omitted here for brevity. The
delay power Ω assigned to the th tap can be obtained from
(9a) according to Ω = 2rµi, µi, (0) = b(A − B ). The total

delay power is, therefore, Ωp = L−1
=0 Ω = 1. The expression
(9b) clearly indicates the uncorrelatedness between the in-phase
and quadrature components of µ (t) (µ† (t)). The expressions
(9c) and (9f) state that there are no cross correlations
between the underlying processes in different taps due to
the uncorrelated-scattering (US) condition imposed on the
model. From (9d) and (9e), it is clear that rµi, µ† (τ, χ) and

Cn,m

n=1 m=1


 
(11b)
× exp j 2πfmax t cos βn −Φ†n,m − θ̂n,m
with Φn,m = 2πfc ϕn,m and Φ†n,m = 2πfc† ϕn,m . In order to
be consistent with [1], we employ for the narrowband-channel
model a negative exponential PDP, i.e.,
 ϕ
1
,
ϕ≥0
(12)
p(ϕ) = exp −
α
α
which is a special case of the truncated exponential PDP in

(2) for τmax
→ ∞. Again, the PDP in (12) can actually be
regarded as the pdf of the propagation delays, since the average
power ofthe narrowband fading channel is normalized to be
∞
one, i.e., 0 p(ϕ)dϕ = 1 holds. Note that the value of α in (12)
must be much less than the symbol duration for a narrowband
channel. An example is the rural-area (RA) channel model [34]
developed for GSM, where α = 0.1086 µs, and the symbol
duration is about 3.7 µs. By taking the Fourier transform of
the PDP in (12), the FCF is given by
R(χ) =

i,

rµ1, µ† (τ, χ) are separable into two parts—one depends
2,
on the time-separation variable τ and the other one on the
frequency-separation variable χ. Therefore, we can write
rµi, µ† (τ, χ) = rµi µi (τ )Rµi, µ† (χ) and rµ1, µ† (τ, χ) =
i,
i,
2,

rµi µi (τ )Rµ1, µ† (χ), where rµi µi (τ ) = L−1
=0 rµi, µi, (τ ) =

(11a)

+ jµ†2 (t)
M
N 


1
.
1 + j2παχ

(13)

The correlation properties of the above narrowband-channel
model can be easily obtained from (9) by neglecting the subscript (·) . In this case, τ0 − ∆τ0 /2 = 0, and τ0 + ∆τ1 /2 =

→ ∞, i.e., A0 = 1, B0 = 0, and b = 1 hold. The resulting
τmax
correlation functions are given by

2,

J0 (2πfmax τ ). We can easily calculate Rµi, µ† (χ) and
i,

Rµ1, µ† (χ) using (9d) and (9e), respectively. It can be shown
2,

further that Rµi, µ† (χ) and Rµ1, µ† (χ) are related to the
i,

2,

FCF R(χ) in (3) as follows:

R(χ) =

i

i,

2,

A special case of the wideband channel model described by
(1) is given when L = 1. Consequently, h(τ  , t) = µ(t)δ(τ  )
and h† (τ  , t) = µ† (t)δ(τ  ) hold. These are actually the impulse responses of a narrowband-channel model. To make
this evident, we express the stochastic processes µ(t) and

(14a)

2

= rµ2 µ1 (τ )
= rµ† µ† (τ )
2

(10)

B. Reference Model for Frequency-Correlated Narrowband
Rayleigh Fading Channels

i

1
= J0 (2πfmax τ )
2
rµ1 µ2 (τ ) = rµ† µ† (τ )
1

L−1 


Rµi, µ† (χ) + jRµ1, µ† (χ) .
=0

rµi µi (τ ) = rµ† µ† (τ )

1

=0

(14b)

J0 (2πfmax τ )
rµi µ† (τ, χ) =
i
2 [1 + (2παχ)2 ]
rµ1 µ† (τ, χ) = −rµ2 µ† (τ, χ)
2

(14c)

1

= −2παχrµi µ† (τ, χ).
i

(14d)

As investigated in the study in [4]–[8] and [24], the correlation
coefficients of the corresponding stochastic processes can easily
be gained by evaluating the correlation functions in (14) at
τ = 0. The separability property of rµi µ† (τ, χ) is clear from
i
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the following expression: rµi µ† (τ, χ) = rµi µi (τ )Rµi µ† (χ),
i

2

i

where Rµi µ† (χ) = 1/[1 + (2παχ) ]. Similarly, rµ1 µ† (τ, χ) =
2
i
rµi µi (τ )Rµ1 µ† (χ) holds, where Rµ1 µ† (χ) = −2παχ/[1 +
2
2
(2παχ)2 ]. A close comparison of Rµi µ† (χ), Rµ1 µ† (χ), and
2
i
the FCF R(χ) in (13) gives the following relation: R(χ) =
Rµi µ† (χ) + jRµ1 µ† (χ).
2
i
Note that the frequency-correlated narrowband Rayleigh fading channel model described by (11) is essentially the same
as the equivalent baseband-channel model given in [1, p. 48].
As a result, the correlation functions in (14) are in agreement
with those presented in [1, p. 50], as well as in [25] and [26].
Therefore, the proposed wideband-channel model described by
(1) and (6) includes the narrowband-channel model in [1, p. 48]
as a special case if the (truncated) negative exponential PDP is
employed. However, the proposed modeling procedure can also
be applied to other forms of PDP, e.g., as shown in [14].
It should be clarified at this point that the mathematical
model described by (1) and (6), as well as its special case described by (12), stands for a nonrealizable stochastic reference
model, since the employed numbers of exponential functions
tend to infinity. Nevertheless, the correlation functions shown in
(9a)–(9f) and (14a)–(14d) provide the basis for the performance
evaluation of the realizable simulation model described in the
next section.
III. N OVEL S TOCHASTIC S UM - OF -S INUSOIDS
S IMULATION M ODEL
A. Simulation Model for Frequency-Correlated Wideband
Fading Channels
The stochastic simulation model proposed here is also based
on the discrete tapped-delay-line structure as in the reference
model, but the manner how the complex random processes
are modeled is completely different. The impulse responses of
the simulation model are again composed of L discrete taps
according to
ĥ(τ  , t) :=
ĥ† (τ  , t) :=

L−1

=0
L−1

=0

µ̂ (t)δ (τ  − τ ) , at fc

(15a)

µ̂† (t)δ (τ  − τ ) , at fc†

(15b)

where the discrete propagation delays τ are identical to those
of the reference model. Concerning the simulation model, it is
important to mention that τ must be an integer multiple of
the sampling interval Ts , i.e., τ = q · Ts , with q denoting
a non-negative integer. Given τ , Ts can be determined by
Ts = gcd{τ }L−1
=1 , where gcd{·} represents the greatest common divisor [11]. In case that the original simulation sampling
interval is so large that the discrete propagation delays τ are not
multiples of the sampling interval, it is necessary to increase the
sampling rate (up-sampling) to accommodate all the different
discrete delays. This will reduce the simulation speed and
result in computationally inefficient simulations. To solve this
problem, several conversion methods were discussed in the

study in [35] to use an alternative model from the original one
having all discrete propagation delays matching the sampling
interval without using up-sampling techniques.
In (15a) and (15b), the stochastic processes µ̂ (t) and µ̂† (t)
are modeled by a finite double sum of properly weighted
exponential functions
µ̂ (t) = µ̂1, (t) + j µ̂2, (t)
=

N


M



 
cn,m, exp j 2πfn, t − θm, − θ̂n,m,

n=−N +1 m=1

(16a)
µ̂† (t) = µ̂†1, (t)
=

N


+

j µ̂†2, (t)
M


 

†
cn,m, exp j 2πfn, t − θm,
− θ̂n,m,

n=−N +1 m=1

(16b)
†
with θm, = 2πfc φm, , and θm,
= 2πfc† φm, . Here, 2N M
defines the finite number of exponential functions of the th
tap, mainly determining the realization expenditure and the
performance of the resulting channel simulator. The gains
cn,m, , the discrete Doppler frequencies fn, , and the discrete
delays φm, will be determined during the simulation-setup
phase and kept constant during simulation. The phases θ̂n,m,
are independent random variables uniformly distributed in the
interval [0, 2π). The expressions (16a) and (16b) provide us
with further observations: When different carrier frequencies
fc and fc† = fc + χ are employed in the physical channel
model, we only have to adopt the corresponding sets of constant
†
= θm, + 2πχφm, (m = 1, 2, . . . , M )
phases θm, and θm,
in the simulation model, while maintaining all other parameters unchanged. Therefore, this channel simulator can directly
simulate frequency-correlated processes by simply adjusting
the constant phases, which is completely different from the
method of generating correlated processes by using a linear
transformation of uncorrelated processes in [4]–[8] and [24].
Following (15a), Fig. 1(a) shows the discrete tapped-delayline structure of the resulting stochastic simulation model corresponding to the carrier frequency fc . The input and output
signals of the channel are represented here by x(t) and y(t),
respectively. The structure of the underlying complex stochastic
process µ̂ (t) [see (16a)] of the th ( = 0, 1, . . . , L − 1) tap is
illustrated in Fig. 1(b). By substituting in Fig. 1(b) the constant
†
, which performs the same function as we
phases θm, by θm,

substitute in Fig. 1(a) µ̂ (t) by µ̂† (t), we will immediately
obtain a model corresponding to another carrier frequency fc†
[see (15b) and (16b)].
The correlation properties of the stochastic processes µ̂i, (t)
and µ̂†j,λ (t)(i, j = 1, 2 and , λ = 0, 1, . . . , L − 1) are calculated according to the following definitions:
r̂µi, µj,λ (τ ) := E {µ̂i, (t)µ̂j,λ (t + τ )}

r̂µi, µ† (τ, χ) := E µ̂i, (t)µ̂†j,λ (t + τ ) .
j,λ

(17a)
(17b)
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Fig. 1. Stochastic sum-of-sinusoids simulation model for wideband channels. (a) Discrete tapped-delay-line structure. (b) Underlying complex stochastic
process µ̂ (t).

Here, E{·} indicates the statistical average with respect to the
random phases θ̂n,m, . The substitution of (16) into (17) results
in the following relations:
r̂µi, µi, (τ ) = r̂µ†

µ† (τ )
i, i,

=

N

n=−N +1

r̂µ1, µ2, (τ ) = r̂µ†

1,

r̂µi, µj,λ (τ ) = r̂µ†

i,

=0
r̂µi, µ† (τ, χ) =
i,

M

c2n,m,
cos(2πfn, τ )
2
m=1

=

n=−N +1 m=1

n=−N +1

2,

N

n=−N +1

c2n,m,
2

sin(2πfn, τ )

c2n,m,
2
m=1
(18d)

1,

=

1,

M


M


r̂µ1, µ† (τ, χ) = − r̂µ2, µ† (τ, χ)

µ†2, (τ )

N


(18c)
N


· cos(2πfn, τ − 2πφm, χ)

(18a)

= r̂µ2, µ1, (τ )
= r̂µ† µ† (τ )
2,

µ†j,λ (τ )

(18b)

M

c2n,m,
2
m=1

· sin(2πfn, τ − 2πφm, χ)
r̂µi, µ† (τ, χ) = 0
j,λ

(18e)
(18f)
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for all i, j = 1, 2 and , λ = 0, 1, . . . , L − 1 with  = λ.
Equation (18a) clearly states that the ACFs of µ̂i, (t) and µ̂†i, (t)
depend only on the time separation τ = t2 − t1 . Moreover, it
can be easily shown that the mean values of µ̂i, (t) and µ̂†i, (t)
are equal to zero. According to the study in [36], a stochastic
process is said to be WSS if its mean value is constant and its
ACF depends only on the time separation τ . Therefore, µ̂i, (t)
and µ̂†i, (t) are WSS processes. Consequently, the resulting
stochastic channel simulator is WSS.
In the sequel, our aim is to find proper simulation model
parameters in such a way that all of the correlation properties of the simulation model described by (18a)–(18f) will
approximate as close as possible those of the given reference
model described by (9a)–(9f). The gains cn,m, and the discrete
Doppler frequencies fn, are derived by using the method
of exact Doppler spread [11], which results in the following
closed-form expressions:

cn,m, =

b(A − B )
2N M


fn, = fmax sin

π
2N

(19a)

n−

1
2


(19b)

for n = −N + 1, −N + 2, . . . , N , m = 1, 2, . . . , M , and
 = 0, 1, . . . , L − 1. After substituting (19a) into (18a) and
(18b), we realize that M has no influence on r̂µi, µi, (τ )
and r̂µ1, µ2, (τ ). Moreover, the received power Ω̂ of the th tap
can be obtained from (18a), according to Ω̂ = 2r̂µi, µi, (0) =
b(A − B ), which equals Ω for the reference model. The
substitution of (19a) and (19b) into (18b) makes clear that
r̂µ1, µ2, (τ ) = rµ1, µ2, (τ ) = 0 always holds for any given
numbers of N ≥ 1 and M ≥ 1, since the fn, ’s fulfill the
following symmetry condition: f−N +1, = −fN , , . . . , f0, =
−f1, . The symmetry property of fn, is evidently illustrated
in Fig. 2(a), where fmax = 91 Hz and N = 20 were used as
an example. Equation (19b) also states that the US condition
[see (18c) and (18f)], which requires fn, = ±fk,λ for  = λ, is
always fulfilled in the case where N /Nλ = (2n − 1)/(2k − 1)
holds, where n = 1, 2, . . . , N and k = 1, 2, . . . , Nλ [23]. Concerning the computation of φm, appearing in (18d) and (18e),
the new method proposed in the study in [23] is applied in
Appendix B, where the following closed-form expression is
derived:

φm, = α ln

B. Simulation Model for Frequency-Correlated Narrowband
Rayleigh Fading Channels
Analogous to Section II-B, if we impose L = 1 on the
wideband simulation model in (15), it reduces to a narrowband
Rayleigh fading channel simulator. It follows that ĥ(τ  , t) =
µ̂(t)δ(τ  ) and ĥ† (τ  , t) = µ̂† (t)δ(τ  ) hold. The stochastic
processes µ̂(t) and µ̂† (t) are then given by
µ̂(t) = µ̂1 (t) + j µ̂2 (t)



1
.
m
A − M (A − B )

Fig. 2. (a) Discrete Doppler frequencies fn, with fmax = 91 Hz and
N = 20. (b) Discrete delays φm, with α = 1 µs,  = 0(τ0 = ∆τ0 = 0),
∆τ1 = 0.2 µs, and M = 20.

(20)

=

N


M


 

cn,m exp j 2πfn t − θm − θ̂n,m
(21a)

n=−N +1 m=1

µ̂ (t) = µ̂†1 (t) + j µ̂†2 (t)
†

Note that the discrete delays φm, are located in the interval

/2], in which τ − ∆τ /2 and τ +
(τ − ∆τ /2, τ + ∆τ+1

∆τ+1 /2 correspond to φ0, and φM , , respectively. An example of φm, with α = 1 µs,  = 0(τ0 = ∆τ0 = 0), ∆τ1 =
0.2 µs, and M = 20 is plotted in Fig. 2(b). In this case, φm, ∈
(0, 0.1] µs holds.

=

N


M



 
†
(21b)
cn,m exp j 2πfn t − θm
− θ̂n,m

n=−N +1 m=1
†
with θm = 2πfc φm and θm
= 2πfc† φm . The correlation properties of this narrowband simulation model can be obtained
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from (18a)–(8f) by simply neglecting the subscript (·) in all
the affected symbols. Thus
r̂µi µi (τ ) = r̂µ† µ† (τ )
i

=

i

N

n=−N +1

M

c2n,m
cos(2πfn τ )
2
m=1

(22a)

r̂µ1 µ2 (τ ) = r̂µ† µ† (τ )
1

= r̂µ† µ† (τ )
=

1

N

n=−N +1

r̂µi µ† (τ, χ) =
i

N

n=−N +1

M

c2n,m
sin(2πfn τ )
2
m=1

(22b)

M

c2n,m
cos(2πfn τ − 2πφm χ)
2
m=1

(22c)
r̂µ1 µ† (τ, χ) = − r̂µ2 µ† (τ, χ)
2

1

=

N

n=−N +1

M

c2n,m
sin(2πfn τ − 2πφm χ).
2
m=1

(22d)
If we remove the subscript (·) in (19) and (20) and further take
into account A0 = 1, B0 = 0, and b = 1, all the parameters for
the narrowband channel simulator are obtained as follows:
cn,m = √

tions. The extent to which the correlation properties of the proposed channel simulator and reference model agree will govern
the degree of confidence we place in the modeling approach. In
this section, we will validate the frequency-correlated wideband
and narrowband Rayleigh fading channel simulators from both
the analytical and simulation points of view.

A. Comparison of Correlation Functions for Wideband
Fading Channels

2

= r̂µ2 µ1 (τ )
2
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1
2N M

(23a)




π
1
fn = fmax sin
n−
2N
2


1
φm = α ln
m−1/2
1− M

(23b)
(24)

for n = −N + 1, −N + 2, . . . , N , and m = 1, 2, . . . , M . As
shown in (24), we have substituted on the right-hand side the
quantity m by m − 1/2 in order to avoid φm → ∞ when
m = M.
It is important to point out that the derived correlation
functions, as shown in (18a)–(18f) and (22a)–(22d), are always
valid for the given simulation model [see (16) and (21)],
while independent of any given reference model. However, the
derived simulation-model parameters, as shown in (19), (20),
(23), and (24), are only valid for the given reference model,
where 2-D isotropic-scattering conditions and a (truncated)
negative exponential PDP have been assumed. If the channel
conditions of the reference model are different, the simulation
model parameters have to be rederived.
IV. P ERFORMANCE E VALUATION
The final acceptability of a novel channel simulator is usually
established by analytical and numerical performance evalua-

The corresponding correlation functions of the wideband
simulation model [see (18a)–(18f)] will be compared with
those of the wideband reference model [see (9a)–(9f)]. As
aforementioned in Section III-A, (18b), (18c), and (18f) are
identical to (9b), (9c), and (9f), respectively. Moreover, by
substituting (19a) and (19b) into (18a), we can show that
the ACF r̂µi, µi, (τ ) of the simulation model approaches
the desired one rµi, µi, (τ ) if the number of exponential
functions tends to infinity, i.e., r̂µi, µi, (τ ) → rµi, µi, (τ ) as
N → ∞. By analogy, the substitution of (19a), (19b), and
(20) into (18d) and (18e) results for N → ∞ and M →
∞ in r̂µi, µ† (τ, χ) → rµi, µ† (τ, χ) and r̂µ1, µ† (τ, χ) →
i,

i,

2,

rµ1, µ† (τ, χ), respectively. For brevity of presentation, only
2,

the proof of r̂µ1, µ† (τ, χ) → rµ1, µ† (τ, χ) for N → ∞
2,
2,
and M → ∞ is shown in Appendix C. Other proofs are
omitted here.
Next, the discrete six-tap COST 207 TU channel model [34]

= 7 µs will be applied to investigate
with α = 1 µs and τmax
the degradation effects of the simulation model with a practical
limited number of exponential functions. The discrete propagation delays τ of the reference model and the simulation
model are then directly equated with the values specified in
[34]: {τ }5=0 = {0, 0.2, 0.5, 1.6, 2.3, 5} µs. Note that the
sets {τ }L−1
=0 can also be determined by some other computation
methods, e.g., in [14] and [37].
In order to provide a guide on how to choose the number of exponential functions, it is necessary to define some
appropriate measures for the errors between the approximate
correlation functions and the desired ones. Close observations
of (18a), (18d), and (18e) tell us that M has no influence
on r̂µi, µi, (τ ) = r̂µi, µ† (τ, 0), while N has no influence on
i,

r̂µi, µ† (0, χ) and r̂µ1, µ† (0, χ). A deep insight into the peri,
2,
formance and complexity of the wideband-channel simulator
can be gained by evaluating the following three performance
criteria. The first performance criterion is the mean-square error
(MSE) ,1 of the ACF r̂µi, µi, (τ ) defined by

,1 =

1
τmax

τmax

rµi, µi, (τ ) − r̂µi, µi, (τ )

2

dτ

(25)

0

where τmax denotes an appropriate time interval [0, τmax ]
over which the approximation of rµi, µi, (τ ) is of interest. As
suggested in the study in [11], the value τmax = N /(2fmax )
has turned out to be suitable. The relationship between ,1
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Fig. 3.
of r̂µ

(a) MSE 1 of the ACF r̂µi, µi, (τ ) with different N . (b) MSEs 2
† (0, χ) and 3 of r̂
† (0, χ) with different M for the COST
µ
µ

i, µi,

1, 2,


= 7 µs), and  = 0.
207 TU channel (fmax = 91 Hz, α = 1 µs, τmax

and N for  = 0 is given in Fig. 3(a). It clearly illustrates
the convergence behavior of r̂µi, µi, (τ ) → rµi, µi, (τ ) for
increasing N . It is apparent that a very good approximation of r̂µi, µi, (τ ) ≈ rµi, µi, (τ ) has already been achieved if
N ≥ 15. The MSEs of the CCFs r̂µi, µ† (0, χ) and
i,

r̂µ1, µ† (0, χ), which are defined by
2,

,2 =

,3 =

1
χmax
1
χmax

χmax



2
rµi, µ† (0, χ) − r̂µi, µ† (0, χ) dχ

(26a)

2
rµ1, µ† (0, χ) − r̂µ1, µ† (0, χ) dχ

(26b)

i,

i,

0
χmax



2,

2,

0

respectively, are another two important performance criteria. In
(26), χmax represents the maximum frequency separation to
which the approximation of rµi, µ† (0, χ) and rµ1, µ† (0, χ)
i,
2,
is still of interest. Needless to say, χmax should be larger than
or equal to the coherence bandwidth of the channel. It was
mentioned in the study in [3] that the coherence bandwidth
of a channel in practical cellular systems is on the order of
1–2 MHz. This incites us to choose χmax = 5 MHz. Both of

Fig. 4. ACFs rµi, µi, (τ ) of the reference model and r̂µi, µi, (τ ) of the
simulation model for the COST 207 TU channel (fmax = 91 Hz, α = 1 µs,

and τmax
= 7 µs). (a)  = 0, N = 15, and M = 20. (b)  = 3, N = 20,
and M = 20.

the resulting MSEs ,2 and ,3 , in terms of M , are shown in
Fig. 3(b). This figure demonstrates that ,3 is always smaller
than ,2 for the same M . However, in both cases, M ≥ 15 can
always result in very good fittings.
According to the analyses above and taking account of
the required condition N /Nλ = (2n − 1)/(2k − 1) for n =
1, 2, . . . , N and k = 1, 2, . . . , Nλ , M = 20( = 0, 1, . . . , 5),
N0 = 15, N1 = 16, N2 = 18, N3 = 20, N4 = 24, and N5 =
32 were selected for the wideband simulation model as a
good compromise between the model’s precision and complexity. Fig. 4(a) and (b) impressively shows the excellent
accordance between rµi, µi, (τ ) and r̂µi, µi, (τ ) within the
time interval τ ∈ [0, N /(2fmax )] for  = 0 and  = 3, respectively. With the given quantities fmax = 91 Hz, N0 = 15,
and N3 = 20, N0 /(2fmax ) = 0.0824 s and N3 /(2fmax ) =
0.1099 s hold. In case that τ > N /(2fmax ), r̂µi, µi, (τ ) and
rµi, µi, (τ ) will gradually diverge and never converge again
[11]. In order to check the validity of the analytical expressions, the simulation results obtained by computing the statistical average of 50 random realizations are also illustrated
in these figures. To demonstrate the excellent approximation quality of r̂µi, µ† (τ, χ) ≈ rµi, µ† (τ, χ), the numerical
i,

i,
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Fig. 5. CCFs for the COST 207 TU channel (fmax = 91 Hz, α =

1 µs, and τmax
= 7 µs). (a) rµ µ† (τ, χ) (reference model,  = 0).

Fig. 6. CCFs for the COST 207 TU channel (fmax = 91 Hz, α =

1 µs, and τmax
= 7 µs). (a) rµ µ† (τ, χ) (reference model,  = 0).

(b) r̂µ

(b) r̂µ

i,

†
i, µi,

i,

(τ, χ) (simulation model,  = 0, N = 15, and M = 20).

1, 2,

†
2,

1, µ

(τ, χ) (simulation model,  = 0, N = 15, and M = 20).

results of (9d) and (18d) for  = 0 are plotted in Fig. 5(a)
and (b), respectively. A good agreement between rµ1, µ† (τ, χ)
2,

and r̂µ1, µ† (τ, χ) is also observed, as shown in Fig. 6
2,
for  = 0.
B. Comparison of Correlation Functions for Narrowband
Rayleigh Fading Channels
The corresponding correlation functions of the narrowband
simulation model [see (22a)–(22d)] will be compared with
those of the narrowband reference model [see (14a)–(14d)].
Similarly, we can conclude that r̂µ1 µ2 (τ ) = rµ1 µ2 (τ ) = 0
always holds. Also, it can easily be shown that r̂µi µi (τ ) →
rµi µi (τ ), r̂µi µ† (τ, χ) → rµi µ† (τ, χ), and r̂µ1 µ† (τ, χ) →
2
i
i
rµ1 µ† (τ, χ) as N → ∞ and M → ∞.
2
As a good tradeoff between complexity and performance
of the narrowband-channel simulator, N = 20 and M = 20
were selected. Fig. 7 demonstrates the excellent approximation
result for r̂µi µi (τ ) ≈ rµi µi (τ ) over the interval [0, N/(2fmax )].
The simulation result by averaging 50 realizations is also
plotted in this figure for the purpose of validation. On the
basis of the COST 207 RA channel [34], the numerical results of (14c) and (22c) with the given moderate values of
N and M are shown in Fig. 8(a) and (b), respectively. It
is clear that r̂µi µ† (τ, χ) matches rµi µ† (τ, χ) very closely.
i

i

Fig. 7. ACFs rµi µi (τ ) of the reference model and r̂µi µi (τ ) of the simulation
model with N = 20 and M = 20 for fmax = 91 Hz.

Fig. 9(a) and (b) indicates that the approximation error between
rµ1 µ† (τ, χ) and r̂µ1 µ† (τ, χ) with the chosen values of N and M
2
2
is small.
Compared with the two deterministic sum-of-sinusoids channel simulators developed in [25] and [26], the proposed stochastic narrowband Rayleigh fading channel simulator enables
better fittings to the underlying reference model, while it has to
pay higher computational efforts due to the stochastic property
and the used double sum of exponential functions. It should

1060

IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 56, NO. 3, MAY 2007

Fig. 8. CCFs for the COST 207 RA channel (fmax = 91 Hz and α =
0.1086 µs). (a) rµ µ† (τ, χ) of the reference model. (b) r̂µ µ† (τ, χ) of the
i i

simulation model with N = 20 and M = 20.

i i

also be stressed here that this stochastic narrowband-channel
simulator has the similar computational complexity to that
of the stochastic sum-of-sinusoids channel simulators in [21],
[31], and [38]; however, it has the additional capability of
directly simulating multiple frequency-correlated Rayleigh fading processes with given temporal and frequency correlation
properties.

Fig. 9. CCFs for the COST 207 RA channel (fmax = 91 Hz, and α =
0.1086 µs). (a) rµ µ† (τ, χ) of the reference model. (b) r̂µ µ† (τ, χ) of the
1 2

1 2

simulation model with N = 20 and M = 20.

A PPENDIX
A. Derivation of (9e)
In this Appendix, we derive the CCF rµ1, µ† (τ, χ) of µ1, (t)
and µ†2, (t) according to (8b):

rµ1, µ† (τ, χ) = E µ1, (t)µ†2, (t + τ )

2,

2,

V. C ONCLUSION
In this paper, we have proposed a novel stochastic WSS
sum-of-sinusoids channel simulator, which is capable of simulating multiple frequency-correlated wideband and narrowband Rayleigh fading channels. Analytical expressions have
been derived for all the parameters of the simulation model.
The performance of the proposed channel simulator has been
investigated with respect to the ACFs and CCFs of the simulated processes. Three performance criteria have been employed in order to provide a guide on how to choose the
number of exponential functions in the channel simulator.
The numerical and simulation results show that the correlation properties of the simulation model with the chosen
numbers of exponential functions match very closely those
of the underlying reference model. The resulting stochastic
channel simulator is very useful for the simulation of practical
frequency-diversity fading channels, such as FH, MC-CDMA,
and OFDM channels.

= lim

N 
M 
N 
M


N →∞
M →∞

 n=1 m=1 p=1 q=1
× E Cn,m, Cp,q,
· cos(2πfmax t cos βn,
− 2πfc ϕn,m, − θ̂n,m, )

· sin 2πfmax (t + τ ) cos βp,

− 2πfc† ϕp,q, − θ̂p,q,
N 
M
1
2
Cn,m,
= lim
N →∞ 2
M →∞
n=1 m=1


× sin(2πfmax τ cos βn, − 2πχϕn,m, )
N 
M
1
= lim
p(βn, , ϕn,m, )
N →∞ 2
M →∞
n=1 m=1


× sin(2πfmax τ cos βn, − 2πχϕn,m, )dβdϕ
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1
=
2


τ +∆τ+1
/2 2π



the average delay power of the reference model is equal to the
average delay power of the simulation model within the interval
Im , i.e.,


Ŝµi, µ† (φ)dφ
Sµi, µ† (φ)dφ =
(30)

p(β, ϕ)
τ −∆τ /2

0

× sin(2πfmax τ cos β − 2πχϕ)dβdϕ
1
=−
2


τ +∆τ+1
/2 2π



τ −∆τ /2

0
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i,

 ϕ
1 b
exp −
2π α
α

× cos(2πfmax τ cos β) · sin(2πχϕ)dβdϕ
bJ0 (2πfmax τ )
=−
2α

τ +∆τ+1
/2

 ϕ
exp − sin(2πχϕ)dϕ. (27)
×
α
τ −∆τ /2

φ∈Im

for m = 1, 2, . . . , M . To solve this problem, we define an
auxiliary function according to
φ
m,

G(φm, ) :=

G(φm, ) =

τ −∆τ /2



G(φm, ) =

Sµi, µ† (φ)dφ +
i,

0
m


b
= (1 − A ) +
4



k=1φ∈I
k

(32)

m 

k=1φ∈I
k

Sµi, µ† (φ)dφ
i,

Ŝµi, µ† (φ)dφ
i,

b
bm
= (1 − A ) +
(A − B ).
4
4M

B. Derivation of (20)
In this Appendix, we apply the parameter-computation
method proposed in the study in [23] to derive a closed-form
expression for the discrete delays φm, shown in (20). Close observations of the expressions (18a)–(18f) show us that the discrete delays φm, appear only in (18d) and (18e). Therefore, we
will calculate φm, in such a way that for a limited number of
exponential functions, r̂µi, µ† (0, χ) and r̂µ1, µ† (0, χ) can api,

2,

proximate as well as possible rµi, µ† (0, χ) and rµ1, µ† (0, χ),
i,
2,
respectively.
Beginning with the first pair r̂µi, µ† (0, χ) and
i,

rµi, µ† (0, χ), we obtain their Fourier transforms as follows:
i,

b
(A − B )
4M
·




b
φm,
1 − exp −
.
4
α

If we keep (30) in mind and use (29a) and (31), another form of
G(φm, ) can be obtained:

2,

M


(31)

i,

0

The substitution of (28) to (27) leads to an expression of
rµ1, µ† (τ, χ) shown in (9e).

i,

Sµi, µ† (φ)dφ.

Applying (29b), we can write

The indefinite integral in the right-hand side of the above
equation can be solved by using [39, eq. (2.663.1)] as follows:

 ϕ
sin(2πχϕ)dϕ
exp −
α

exp − ϕ
− α1 sin(2πχϕ) − 2πχ cos(2πχϕ)
α
=
1
2
α2 + (2πχ)

−α exp − ϕ
α
=
[sin(2πχϕ) + 2παχ cos(2πχϕ)] . (28)
1 + (2παχ)2

Ŝµi, µ† (φ) =

i,

φ∈Im

The comparison between (32) and (33) leads to an analytical expression for the discrete delays φm, , as given in (20). Applying
the above proposed computation procedure, the same result for
φm, can be achieved from another relation pair r̂µ1, µ† (0, χ)
2,

and rµ1, µ† (0, χ).
2,

C. Proof of r̂µ1, µ† (τ, χ), →, rµ1, µ† (τ, χ) for N → ∞
2,
2,
and M → ∞
Performing the substitution of (19a) and (19b) and (20) into
(18e) gives, for N → ∞, and M → ∞, the following desired
result:
lim r̂µ1, µ† (τ, χ)

N →∞
M →∞

[δ(φ − φm, ) + δ(φ + φm, )]

(29a)

m=1

= lim

N →∞
M →∞



φ
b
exp −
Sµi, µ† (φ) =
.
i,
4α
α

(29b)

By comparing (29b) with (7), it is clear that Sµi, µ† (φ) is rei,

lated to the PDP, as is Ŝµi, µ† (φ). Let us introduce the intervals
i,

(33)

Im = (φm−1, , φm, ] with φ0, = τ − ∆τ /2. We demand that

2,

N

n=−N +1

M

b(A − B )
4N M
m=1



π
· sin 2πfmax τ · sin
2N




1
n−
2



1
− 2παχ ln
m
A − M (A − B )
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N


= lim
N →∞

1
×
0

n=−N +1

b(A − B )
4N





π
1
sin 2πfmax τ · sin
n−
2N
2



1
dx
A − x(A − B )

α ln B1


N

 z

b
1
exp −
= lim
4N 
α
α
N →∞
n=−N +1
1
−2παχ ln

α ln

A






π
1
n−
· sin 2πfmax τ sin
− 2πχz dz
2N
2
1
π α ln
2
 B
 z
1
b
exp −
=
2π
α
1 α
−π
2

α ln

A

· sin(2πfmax τ sin y − 2πχz)dzdy
π

b
=−
2πα

2

cos(2πfmax τ sin y)dy
−π
2

1
 B

α ln

·
α ln

=



 z
sin(2πχz)dz
exp −
α

1
A

 z
bJ0 (2πfmax τ )
exp −
2
2 [1 + (2παχ) ]
α
z=τ  +∆τ 

· [sin(2πχz) + 2παχ cos(2πχz)] |z=τ −∆τ +1
 /2


= rµ1, µ† (τ, χ).

/2



(34)

2,

Thus, r̂µ1, µ† (τ, χ) converges to rµ1, µ† (τ, χ) if N → ∞
2,
2,
and M → ∞.
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